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We discuss the ultraviolet (UV) to infrared (IR) evolution of asymptotically free chiral gauge theo-
ries. Various types of IR behavior are considered, including confinement without spontaneous chiral
symmetry breaking, and formation of bilinear fermion condensates that preserve or dynamically
break the chiral gauge invariance. We compare different schemes for the study of this evolution and
the resultant IR structure of the theories, including a conjectured inequality based on the counting
of degrees of freedom. We note some new patterns of UV to IR evolution.
I. INTRODUCTION
Chiral gauge theories, in which the left- and right-
handed chiral components of the (massless) fermions cou-
ple differently to the gauge field, play a key role in the
standard model and in some efforts to extend the stan-
dard model. In the latter case, chiral gauge theories with-
out elementary scalar fields are often explored. They can
be constructed to be free of gauge anomalies, and with
the number of fermions limited, they are asymptotically
free, typically becoming strongly coupled in the infrared.
They have been envisioned to play a role in the gen-
eration of flavor hierarchies, dynamical supersymmetry
breaking, and quark and lepton substructure.
In this paper we revisit asymptotically free chiral gauge
theories, investigating their evolution from the ultravio-
let to the infrared. Since the strength of the gauge in-
teraction grows as the renormalization-group (RG) scale
µ decreases, there are, a priori, several possible types of
behavior that can set in. Some early studies of strongly
coupled chiral gauge theories include [1]-[6]. We focus on
theories that obey the ’t Hooft anomaly matching condi-
tions [1].
These allow, for example, confinement without break-
ing of the global or gauged chiral symmetries. This would
produce a set of massless, gauge-singlet, spin 1/2 compos-
ite fermions [2], although there is no dynamical basis that
we know of for the formation of these bound states. An-
other type of infrared behavior, involving the formation
of bilinear fermion condensates, is also possible. Because
of the chiral nature of the gauge-fermion coupling, these
condensates typically break the gauge symmetry [3, 7].
Yet another possibility is that the IR evolution may be
controlled by a weak IR fixed point, with neither confine-
ment nor spontaneous chiral symmetry breaking. The
theory is then in the conformal window, occuring when
the number of massless fermions is sufficiently large.
If the IR coupling is strong enough to trigger one of
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the first two types of behavior, there remains little un-
derstanding of which might occur. This contrasts with
vectorial gauge theories, where a number of general prop-
erties have been established by a combination of contin-
uum and lattice methods. For chiral gauge theories, how-
ever, the presence of fermion doubling on the lattice has
made it challenging to construct a lattice implementation
that could be used to study their strong-coupling behav-
ior. It seems worthwhile therefore to re-examine the UV
to IR evolution of these theories making use of various
continuum field-theoretic methods.
In addition to the ’t Hooft anomaly matching condi-
tions [1], there is the old most-attractive-channel (MAC)
criterion for formation of bilinear fermion condensates [3]
based on single gauge-boson exchange. There also exist
schemes for constraining RG flow based on the count-
ing of degrees of freedom and the intuitive notion that
flow to the IR should result in a thinning of this count.
Of the various implementations of this idea, the use of
the finite-temperature free energy to define the degree-
of-freedom count [8, 9] leads to a conjectured inequality
that can usefully constrain the IR behavior. For a class
of chiral gauge theories, we examine the consequences of
this inequality and compare to the MAC criterion.
In Section II, we review the general framework and
methods employed. In Section III, we describe the fea-
tures of a simple chiral gauge theory which we analyze
with these methods. In Section IV, we describe a gen-
eral class of theories in which a set of massless fermions
with vector-like gauge couplings is added to the theory
of Section III. In Section V, we summarize the possible
phases of this general class. We present some conclusions
in Section VI.
II. GENERAL FRAMEWORK AND METHODS
A. Beta Function
We focus on theories with gauge group G = SU(N),
and running gauge coupling α(µ) = g(µ)2/(4π). The β
function, βα = dα/dt, where dt = d lnµ, has the loop
2expansion
βα = −2α
∞∑
ℓ=1
bℓ
( α
4π
)ℓ
, (2.1)
where we restrict to b1 > 0 to insure asymptotic freedom.
The coefficients bℓ for ℓ ≥ 3 are scheme-dependent; in the
MS scheme they have been calculated up to four-loop
order [10, 11]. If b2 < 0, an infrared zero can appear
at two loops given by αIR,2ℓ = −4πb1/b2 [12]. This a
reliable result if b1/|b2| << 1, a possibility depending on
the number of massless fermions [13]. The phenomena of
main interest here, bilinear fermion condensate formation
and/or the appearance of massless composite fermions,
are anticipated only at strong coupling, where the loop
expansion is not reliable.
B. MAC Criterion
If UV to IR evolution produces fermion condensates,
an old scheme for discriminating among possible breaking
patterns is the most-attractive-channel (MAC) criterion.
For two chiral fermions in representations R1 and R2 of
the gauge group, a rough measure of the likelihood of a
condensation channel of the form R1 × R2 → Rcond. is
taken to be
∆C2 = C2(R1) + C2(R2)− C2(Rcond.) , (2.2)
where C2(R) is the quadratic Casimir invariant for the
representation R [14].
Since this is a measure of attractiveness arising from
single-gauge-boson exchange, its utility is uncertain, but
the MAC criterion is that where bilinear fermion conden-
sates can occur and there are several possible channels,
the one that takes place has the largest value of ∆C2 [3].
(In a vectorial gauge theory such as QCD, this implies
that the only condensation is R× R¯→ 1, preserving the
gauge symmetry.) A reasonable guess then is that as µ
decreases and α(µ) increases, condensation will first oc-
cur, in the MAC, when α(µ) becomes of order αcr given
by
αcr∆C2(R)
2
∼ O(1) . (2.3)
C. Conjectured Inequality Concerning UV versus
IR Degrees of Freedom
A general notion about RG flow to the IR, as first ap-
plied to second-order phase transitions and critical phe-
nomena, is the thinning of degrees of freedom. For two-
dimensional conformal field theories (CFTs), Zamolod-
chikov proved that the central charge, c, which may be
considered to count the degrees of freedom in the theory,
decreases as a consequence of this flow; that is, the new
CFT to which the theory flows in the IR has a smaller
value of c than the UV CFT [15].
In four space-time dimensions, an approach using finite
temperature T as the RG scale and the thermodynamic
free energy F (T ) to count the degrees of freedom, can
provide significant constraints on the UV to IR flow of a
quantum field theory. The quantity f(T ), given by
F (T ) ≡ f(T ) π
2
90
T 4 , (2.4)
is defined to count a single, massless bosonic degree of
freedom as 1 when the theory is free. In this case,
f = 2NV +
7
4
NF +NS , (2.5)
where NV is the number of massless gauge fields, NF
is the number of massless chiral components of fermion
fields, and NS is the number of scalar fields. Thus, for an
asymptotically free, vectorial SU(N) gauge theory with
Nf Dirac fermions transforming according to the fun-
damental representation, fUV ≡ f(∞) = 2(N2 − 1) +
(7/2)NfN .
A conjectured inequality [8] is that for an asymptoti-
cally free theory,
fIR ≡ f(0) ≤ fUV ≡ f(∞) . (2.6)
No asymptotically free counterexample has yet been
identified, although there are theories for which f(T ) is
not monotonic [8]. The inequality can be directly im-
plemented when there exists an IR effective field theory
(EFT) that is free or weakly interacting, allowing fIR to
be computed perturbatively. A weak IR fixed point of the
underlying gauge theory, for example, would make this
possible. In this case, fIR = fUV + perturbative correc-
tions, where the leading (O(αIR)) correction is negative.
So the inequality is satisfied.
With a strong IR gauge coupling, a new, IR-free
phase can emerge, consisting of the massless, composite
Nambu-Goldstone bosons (NGBs) associated with con-
densate formation, or massless, gauge-singlet, composite
fermions in the case of chiral gauge theories. In these
cases, the inequality can discriminate simply among the
various possibilities, its constraining power arising from
the fact that fUV is linear in fermion number, while fIR,
counting massless composite degrees of freedom, is typ-
ically quadratic. The inequality was extended to chiral
gauge theories in Ref. [9], and many examples were dis-
cussed in Refs. [8, 9],[16]. A further possibility is that
the favored IR phase of a gauge theory is the one that
not only satisfies the inequality 2.6, but also minimizes
fIR.
Another approach, following Ref. [15], has investi-
gated the possibility that for some quantity measuring
the number of degrees of freedom in four space-time di-
mensions, one could prove either (i) that it is a non-
increasing function of the RG flow from the UV to the
IR or (ii), a weaker condition, that its value at a UV
3fixed point is greater than its value at an IR fixed point.
Some progress has been achieved by focusing on the co-
efficient a, entering the trace of the energy-momentum
tensor, 〈θµµ〉 = cWκλµνWκλµν − aE4, where Wκλµν is the
Weyl tensor and E4 is the four-dimensional Euler den-
sity, whose integral is the Euler characteristic of the given
spacetime manifold [17, 18]. For a free theory,
a = 62NV +
11
2
NF +NS , (2.7)
where NV , NF , and NS denote the number of massless
vector, chiral fermion, and scalar fields. For the example
of an asymptotically free vectorial SU(N) gauge theory
with Nf massless Dirac fermions in the fundamental rep-
resentation, aUV = 62(N
2 − 1) + 11NfN .
Both a and f are normalized to weight a single scalar
field with coefficient 1. A peculiar feature of a is the
relative largeness of the coefficient, 62, emerging from a
detailed computation, multiplying NV in Eq. (2.7). By
comparison, the coefficient 2 multiplying NV in Eq. (2.5)
which is applicable when the effective theory is weakly
coupled, simply counts the two transverse gauge boson
degrees of freedom. In the case of a, the large gauge
boson term, which is present in the UV for an asymptot-
ically free theory, means that the inequality constraint
aIR ≤ aUV is not difficult to satisfy.
Yet another approach to describing the IR proper-
ties of quantum field theories involves compactification
of the R4 space to R3 × S1, with periodic boundary con-
ditions for all fields, and associated analysis of topological
properties [19]. A degree-of-freedom counting inequality
could perhaps be developed in this framework. In the
present paper, we will focus on the the thermal inequal-
ity fIR ≤ fUV . Although it is still conjectural, it makes a
clear connection between the Euclidean momentum scale
and temperature in its weighting of coefficients of NV ,
NF , and NS , and, moreover, it can be quite constrain-
ing.
D. Lattice Studies of Vectorial Theories
Lattice studies have been carried out to investigate
the IR behavior of many vectorial, non-supersymmetric
SU(N) gauge theories. All results are so far compatible
with the inequality (2.6) [20]. Investigations of vectorial
SU(2) gauge theories, currently underway [21], are par-
ticularly interesting with respect to the inequality. Here,
the reality of the fermion representations leads to a larger
global symmetry, and typically therefore to a larger count
of IR degrees of freedom when this symmetry is broken.
III. A SIMPLE THEORY
We first review the UV to IR evolution of a familiar
SU(N) chiral gauge theory [5]. The chiral gauge symme-
try forbids fermion mass terms in the Lagrangian. With-
out loss of generality, we write all fermions as left-handed.
A. Structure
The fermion content consists of a symmetric, rank-2
tensor, ψabL ≡ ψ(ab)L , together with N + 4 copies (flavors)
of the conjugate fundamental representation, χa,i,L, i =
1, ..., N + 4. Here and below, a, b, .. are SU(N) gauge
indices with N ≥ 2, and i, j, ... are copy indices. That is,
the fermion content is:
ψ
(ab)
L , χa,i,L , i = 1, ..., N + 4 . (3.1)
With a normalization convention in which the contri-
bution of a left-handed fermion in the fundamental repre-
sentation of SU(N) to the triangle anomaly is 1, the con-
tribution of left-handed fermions in the rank-2 symmet-
ric and antisymmetric representation is (N + 4). Thus,
the fermion content yields theories that are free of chiral
anomalies in gauged currents.
The one- and two-loop β function coefficients are
b1 = 3N−2, b2 = 1
2
(13N2−30N+1+12N−1) . (3.2)
Because of asymptotic freedom, the fUV function is given
by
fUV = 2(N
2 − 1) + 7
4
[
N(N + 1)
2
+ (N + 4)N
]
. (3.3)
The classical global flavor symmetry group is U(1) ⊗
U(N+4)F¯ . Expressing U(N+4)F¯ = SU(N+4)F¯⊗U(1)F¯ ,
we recall that the U(1) and U(1)F¯ are both rendered
anomalous by instantons, but one can construct a linear
combination, denoted U˜(1), that is conserved in the pres-
ence of instantons. Hence, the actual (non-anomalous)
global flavor group of this theory is
Gf = SU(N + 4)F¯ ⊗ U˜(1) . (3.4)
B. Evolution
1. Confinement without Chiral Symmetry Breaking
A possibility is that the gauge interaction confines
and produces gauge-singlet, massless composite fermions.
The ’t Hooft conditions, that the anomalies associated
with the global chiral flavor symmetries must be the same
for the fundamental fields and for the composites, are sat-
isfied if the latter are the composite fermions
B[ij] = F¯a,iS
abF¯b,j − (i↔ j) , (3.5)
transforming according to the conjugate-antisymmetric,
rank-2 tensor representation of the global SU(N+4) sym-
metry group.
4With only massless composite fermions in the spec-
trum, the low-energy effective theory (EFT) consists of
interaction operators only of dimension-6 and higher, al-
lowing fIR to be computed in the free theory:
fIR,SYM =
7
4
[
(N + 4)(N + 3)
2
]
. (3.6)
Hence, fUV − fIR,SYM is non-negative for N ≥ 1.607,
that is, for all physical values of N .
2. Chiral Symmetry Breaking
An alternate possibility is that as µ decreases to some
scale ΛN , the gauge interaction grows sufficiently strong
to produce bilinear fermion condensates. The MAC is
S × F¯ → F , with
∆C2(S × F¯ → F ) = C2(S) = (N + 2)(N − 1)
N
. (3.7)
The condensate then has the form 〈ψab TL Cχb,i,L〉. Tak-
ing a = 1 and i = 1, it is
〈
N∑
b=1
ψ1b TL Cχb,1,L〉 , (3.8)
breaking the SU(N) gauge symmetry to SU(N − 1) and
the global SU(N + 4)F¯ symmetry to SU(N + 3)F¯ . The
fermions in this condensate, ψ1bL and χb,1,L, gain dynam-
ical masses of order ΛN , and the 2N − 1 gauge bosons in
the coset SU(N)/SU(N − 1) gain masses of order gΛN ,
where g is the SU(N) gauge coupling at the scale ΛN .
The residual SU(N−1) gauge theory is then capable of
self breaking to SU(N − 2), and so on sequentially. Sup-
pose, for simplicity, that N = 3. After the first breaking,
there remains an SU(2) gauge theory with three chiral
fermions in the symmetric tensor ψabL (a, b = 2, 3), along
with 18 chiral fermions in χb,i,L (b = 1, 2, 3, i = 2, ..., 7).
The six fermions with b = 1 are SU(2) gauge singlets,
while the others comprise six SU(2) doublets. Note that
the symmetric rank-2 tensor representation of SU(2) is
equivalent to the adjoint representation.
The SU(2) gauge theory can then fully self-break, per-
haps at a lower scale. We form a symmetric combination
of two χb,i,L, mixing SU(2) and flavor labels as the chi-
ral fermions that pair with the three ψabL , and, with no
loss of generality, we choose the flavor indices i = 2, 3 for
these. The condensate is thus
〈
3∑
a,b=2
ψab TL Cχ{b,i},L〉 , (3.9)
where χ{b,i},L (b = 2, 3, i = 2, 3) is the symmetrized two-
index combination. The remaining massless chiral fields
are the χb,i,L (b = 1, i = 2, 3) and the single remaining,
antisymmetrized χ[b,i],L (b, i = 2, 3), forming an antisym-
metric tensor under a global SU′(3). There are also the
12 chiral fermions χb,i,L (b = 1, 2, 3, i = 4, ..., 7), trans-
forming as an anti-fundamental under the global group
SU′(3) × SU(4).
For general N , after all breakings, the SU(N) gauge
group is fully broken, and the unbroken global symmetry
is [16].
G′f = SU
′(N)⊗ SU(4)⊗U(1)′ . (3.10)
There are N(N − 1)/2 massless elementary chiral
fermions transforming as the antisymmetric tensor rep-
resentation of SU′(N) and 4N massless elementary chiral
fermions transforming as the anti-fundamental represen-
tation of SU′(N)⊗SU(4), for a total of N(N+7)/2 mass-
less chiral fermions.. There are also 8N + 1 composite
NGBs. This is the difference between the number of gen-
erators for the initial local-plus-global symmetry group,
SU(N)⊗Gf , and the final (global) symmetry group G′f ,
minus the N2 − 1 absorbed to give mass to the gauge
bosons of the original SU(N) gauge theory.
The EFT describing these massless degrees of freedom
includes interaction operators only of dimension d > 4,
allowing fIR to be computed in the free theory. One finds
fIR,S×F¯ = 8N + 1 +
7
4
[
N(N − 1)
2
+ 4N
]
. (3.11)
Hence, fUV − fIR,S×F¯ is nonnegative for N ≥ 2.0558....
We also note that fIR,SYM < fIR,S×F¯ for all integer N ,
possibly favoring massless composite fermion formation.
Before discussing a generalization of this theory, we
note that one could also consider a theory with an SU(N)
gauge group with N ≥ 5 containing a massless fermion
content consisting of a rank-2 antisymmetric reprepre-
sentation ψ
[ij]
L and N − 4 copies of the conjugate fun-
damental representation, denoted F¯ [9, 16]. This theory
is free of anomalies in gauged currents and satisfies the
’t Hooft matching conditions. As with the present the-
ory, there are several possible types of IR behavior, in-
cluding (i) confinement without spontaneous chiral sym-
metry breaking, yielding massless composite fermion and
(ii) formation of fermion condensates breaking gauge and
global symmetries. In the case (ii), for SU(5), the MAC
is A×A→ F¯ ; for SU(6) there are two equally attractive
MACs, A × A → A¯ and A × F¯ → F , while for SU(N)
with N ≥ 7, the MAC is A× F¯ → F .
IV. A GENERAL CLASS OF THEORIES
We now consider a one-parameter family of chiral
gauge theories formed by the addition to the theory of
Eq. (3.1) of a vectorlike sector consisting of p copies of
the pair of fermions {F + F¯} [5].
5A. Structure of the General Class
The fermionic content is
ψ
(ab)
L , χa,i,L, i = 1, ..., N + 4 + p
ωaj,L , j = 1, ..., p . (4.1)
The classical global flavor symmetry group is U(1) ⊗
U(N +4+p)F¯ ⊗U(p)F . It can equivalently be written as
U(1)⊗ [SU(N+4+p)F¯ ⊗U(1)F¯ ]⊗ [SU(p)F ⊗U(1)F ]. The
U(1) factor groups are rendered anomalous by SU(N) in-
stantons, but one can form two linear combinations that
are invariant. Hence, the actual (non-anomalous) global
flavor group is
Gpf = SU(N + 4 + p)F¯ ⊗ SU(p)F ⊗ U˜(1)⊗ U˜(1)′ . (4.2)
The one-loop coefficient in the β function is
bp1 = 3N − 2−
2p
3
. (4.3)
In the asymptotically free range, p < 9N2 − 3, one can
identify the free UV degrees of freedom, with the result
fpUV = fUV +
7
4
(2pN)
= 2(N2 − 1) + 7
4
[
N(N + 1)
2
+ (N + 4 + 2p)N
]
.
(4.4)
The two-loop β-function coefficient is
bp2 =
13N2
2
−15N+1
2
+6N−1+p
(
− 13N
3
+N−1
)
. (4.5)
B. Evolution of the General Class
1. Non-Abelian Coulomb Phase
For a range of p values below 9/2− 3, the two-loop β
function has a non-trivial zero (an IR fixed point) at
αpIR,2ℓ =
8πN(9N − 6− 2p)
−39N3 + 90N2 − 3N − 36 + p(26N2 − 6) ,
(4.6)
a reliable result providing 9/2− 3/N − p/N ≪ 1 so that
the fixed point is weak. In this range,
fpIR,NAC = f
p
UV + perturbative corrections , (4.7)
with the leading correction small and negative. Thus
fpUV > f
p
IR,NAC .
The fixed-point strength increases monotonically with
decreasing p, becoming inaccessible via perturbation the-
ory when 9/2 − 3/N − p/N = O(1). It is expected to
reach a strength necessary for confinement and/or sym-
metry breaking at some critical value pcr = O(N), not
precisely known.
In the following we assume that there exists a pcr below
which the theory leaves the non-Abelian Coulomb phase.
There are then several possibilities for its IR behavior.
2. Confinement With No Chiral Symmetry
Breaking
One possibility is confinement without spontaneous
chiral symmetry breaking producing a set of massless
composite fermions transforming according to (i) the con-
jugate of the antisymmetric rank-2 tensor representation
of the SU(N + 4 + p) global symmetry group and the
singlet representation of the SU(p) group; (ii) the funda-
mental representation of SU(N + 4 + p) and SU(p); and
(iii) the singlet representation of SU(N + 4+ p) and the
conjugate of the symmetric representation of SU(p) [5].
The EFT consists of interaction operators only of di-
mension 6 and higher, so that the free theory may be
used to determine fpIR,SYM . Thus,
fpIR,SYM =
7
4
[
(N + 4+ p)(N + 3 + p)
2
+ p(N + 4 + p)
+
p(p+ 1)
2
]
. (4.8)
Hence, fpUV − fpIR,SYM is nonnegative providing
p ≤ −2 +
[
15N2 + 7N + 6
14
]1/2
. (4.9)
The inequality (2.6) thus predicts that for p in this range,
the interaction can confine and produce massless compos-
ite fermions, whereas it is forbidden for larger p-values.
3. Chiral Symmetry Breaking in the S × F¯ → F
Channel
There are various possibilities for IR behavior that in-
volve dynamical chiral symmetry breaking. These can be
classified according to several criteria, including
(i) their attractiveness measure ∆C2,
(ii) whether they also break the SU(N) gauge symme-
try,
(iii) the value of fIR, which depends on the details of
the sequential formation of condensates and breaking of
global (and possibly gauge) symmetries at corresponding
scales.
The most attractive channel (MAC) for fermion con-
densation is the S × F¯ → F channel, with measure
6∆C2(S × F¯ → F ). The attractiveness for this channel
may be compared with that for the channel F × F¯ → 1.
The difference between the ∆C2 values for these channels
is
∆C2(S × F¯ → F ) − ∆C2(F × F¯ → 1) = C2(S)− 2C2(F )
=
N − 1
N
> 0 .
(4.10)
Thus, if the gauge interaction causes the formation of
fermion condensates for p < pcr, rather than confining
without chiral symmetry breaking, the MAC criterion
points to condensation in the S × F¯ → F channel. In
this case, we denote the scale where this condensation
occurs as ΛN . Here, the gauge symmetry is broken from
SU(N) to SU(N − 1).
If N ≥ 3, the same MAC argument implies that in
the effective theory for scales below ΛN , there will again
be condensation in the S × F¯ → F channel at a lower
scale ΛN−1, breaking SU(N − 1) to SU(N − 2), and so
forth. At each scale, the fermions involved in the con-
densate will gain dynamical masses. Since the N + 4
χa,i,L, i = 1, ..., N + 4, suffice to break the SU(N)
symmetry completely, the additional p vectorlike pairs
of fermions F, F¯ remain in the IR. Hence, the num-
ber of massless chiral components of fermions in the IR
EFT is calculated by simply adding these to the number
N(N − 1)/2 + 4N in the p = 0 theory, for a total of
N(N − 1)/2 + 4N + 2pN = N(N + 7 + 4p)/2. Corre-
spondingly, the final global symmetry group is
G
′p
f = SU
′(N)⊗ SU(4 + p)⊗ SU(p)⊗U(1)′p ⊗U(1)′′p .
(4.11)
The number of NGBs is 2N(4 + p) + 1. This is the dif-
ference between the number of generators of the initial
local+global symmetry group SU(N)⊗Gpf , and the final
(global) symmetry group G
′p
f , minus the N
2−1 absorbed
to give masses to the gauge bosons of the original SU(N)
gauge theory.
The IR EFT again consists of interaction operators
only of dimension d > 4, so that the free theory deter-
mines fIR:
fp
IR,S×F¯
= 2N(4 + p) + 1+
7
4
[N(N − 1)
2
+ 4N +2pN
]
,
(4.12)
behaving linearly with p as does fpUV , but with a larger
slope. The linearity of the NGB count with respect to p
is notable, requiring a large unbroken global symmetry.
For this UV to IR evolution, fpUV − fpIR,S×F¯ is always
negative for N = 2, but for N ≥ 3, it is nonnegative (in
accord with the conjectured inequality) for
p ≤ 15N
2 − 25N − 12
8N
(4.13)
For N = 3, for example, p ≤ 2.
4. Chiral Symmetry Breaking in the F × F¯ → 1
Channel Followed by Confinement with no Further
Symmetry Breaking
Given the uncertainties in the strong-coupling physics
involved, it is important to consider other possible con-
densation channels. A natural one is the F × F¯ → 1
channel, involving the p fermions in the vectorlike sub-
sector of the theory. Although it is less attractive than
the S × F¯ → F channel, it has the important feature
that it does not break the SU(N) gauge symmetry. The
condensate for this channel is
〈χTa,i,LCωai,L〉 , i = N + 4 + 1, ..., N + 4 + p (4.14)
This condensation pattern was studied in [16]. We denote
the scale where it occurs as ΛV . It breaks the G
p
f global
symmetry to [16]
G′pf = SU(N + 4)F¯ ⊗ SU(p)V ⊗U(1)′1 ⊗U(1)′2 , (4.15)
leading to p(2N + p + 8) NGBs. The fermions involved
in the condensate (4.14) get dynamical masses of order
ΛV , and the low-energy effective field theory is then the
p = 0 theory.
The further infrared evolution of this theory has been
reviewed in Section III. The possibility of confinement
without further chiral symmetry breaking is favored by
fIR minimization over further chiral symmetry breaking
(along with gauge symmetry breaking). Massless com-
posites are then formed, the EFT includes interaction
operators only of dimension d > 4, and the function fIR
is [16]
fp
IR,F×F¯ ,SYM
= p(2N + p+ 8) +
7
4
[ (N + 4)(N + 3)
2
]
(4.16)
Hence, fpUV −fpF×F¯ ,SYM is nonnegative, and in accord
with the conjectured inequality (2.6) providing
p ≤ 1
4
[
3N − 4 +
√
69N2 − 68N + 56
]
(4.17)
For N = 3, for example, p ≤ 3.687, allowing the physical
values p = 0, 1, 2, 3.
5. Chiral Symmetry Breaking in the F × F¯ → 1
Channel Followed by S × F¯ → F Chiral Symmetry
Breaking
Finally, if after the condensation of the p vector-like
pairs in the channel F×F¯ → 1, the residual, p = 0 theory
breaks the chiral and gauge symmetries via S × F¯ → F ,
as described in Section IIIB2, then the gauge symmetry
is broken and the remaining global symmetry is
G′pf = SU
′(N)⊗SU(4)⊗SU(p)V ⊗U(1)′1⊗U(1)′2 . (4.18)
7The IR EFT again consists of interaction operators only
of dimension d > 6. The resultant fIR counts the mass-
less degrees of freedom, and is
fp
IR,F×F¯ ,S×F¯
= (2pN + p2 + 8p) + (8N + 1)
+
7
4
[
1
2
N(N − 1) + 4N ] . (4.19)
Hence, fpUV − fpIR,F×F¯ ,S×F¯ is nonnegative for
p ≤ 1
4
[
3N − 16 +
√
69N2 − 196N + 208
]
(4.20)
For N = 3, for example, p ≤ (−7 + √241 )/4 = 2.131,
allowing the physical values p = 1, 2.
V. SUMMARY OF THE GENERAL CLASS OF
THEORIES
The class of theories considered here has several possi-
bilities for UV to IR evolution. For p/N sufficiently close
to the upper limit 9/2− 3/N :
(i) to a non-Abelian Coulomb phase with an IR fixed
point of the gauge coupling and particle content consist-
ing of the elementary gauge fields and fermions;
Then, for p ≤ some critical value pcr(N), there are several
strong-coupling possibilities:
(ii) to a phase with confinement, massless compos-
ite fermion formation and no gauge or chiral symmetry
breaking;
(iii) to a phase with sequential condensation in the
respective S × F¯ → F (MAC) channels, breaking the
SU(N) gauge symmetry completely, leaving a set of mass-
less elementary fermions and massless composite NGBs
in the infrared EFT;
(iv) to a phase with condensation of the p vectorlike
fermions in the channel F × F¯ → 1 followed by confine-
ment with massless composite fermion formation, no fur-
ther chiral symmetry breaking, and no gauge-symmetry
breaking, so that the IR EFT consists of the massless
composite fermions together with massless NGBs;
(v) to a phase with condensation of the p vectorlike
fermions in the channel F × F¯ → 1, followed by con-
densation in the S × F¯ → F channel, again breaking
the SU(N) gauge symmetry completely, so that the IR
particle content consists of massless NGBs and massless
elementary fermions
We note that each of these phases has either elementary
or composite massless fermions, but not both.
A. N = 3
To discuss these possibilities further, we first consider
the case N = 3. In Fig. 1, we plot fIR for each of the
strong coupling phases, along with fUV . For p/N near
3.5, the theory is in the non-Abelian Coulomb phase (i),
with fIR,NAC ≤ fUV , the difference being computable
in perturbation theory. There is no confinement and no
symmetry breaking. This fIR curve is not shown explic-
itly in Fig. 1.
As p is decreased, other IR phases become possi-
ble. With p still relatively large, the MAC phase (iii)
(red) with a large unbroken global symmetry (4.11) and
no composite fermions has the smallest fIR, but here
fIR,S×F¯ > fUV . For smaller p, when fIR,S×F¯ ≤ fUV ,
this phase does not give the smallest fIR.
As p is decreased further, the first phase to allow
fIR ≤ fUV , for p ≤ 3.69, is phase (iv) (dark blue) with
condensation of the p vector-like fermions followed by
confinement with massless composite fermion formation.
There is no gauge symmetry breaking. Throughout the
range p ≤ 3.69, fIR for this phase is the smallest among
the strong coupling phases, but the breaking channel is
not the MAC.
As p is decreased still further, other phases are allowed
by the inequality fIR ≤ fUV . In particular, phase (iii)
(red) involving sequential breaking in the MAC channel
S × F¯ → F , breaking the gauge symmetry completely,
satisfies the inequality for p ≤ 2, although it does not
give the smallest fIR.
Phase (v) (black) is compatible with the inequality for
p ≤ 2.131, but it never minimizes fIR. Phase (ii) (green),
with confinement but no symmetry breaking, respects the
inequality for p ≤ 1.4, but leads to the smallest fIR only
when p = 0.
A plot of fIR values for N > 3 is similar.
B. Large-N Limit
It interesting to consider the limit N → ∞ [6] with
r ≡ p/N and ξ(µ) = α2(µ)N held fixed. The upper
bound on r from asymptotic freedom is r < 9/2, and the
two-loop IR fixed point is at
ξIR,2ℓ =
8π(9− 2r)
13(2r − 3) . (5.1)
The reduced quantity f¯ ≡ f/N2 is finite in this limit.
We have
f¯UV =
37
8
+
7r
2
. (5.2)
The theory is in the non-Abelian Coulomb phase (i) for
r near 9/2, with f¯IR,NAC perturbatively below f¯UV .
Phase (ii) with confinement, massless-composite-
fermion formation and no symmetry breaking, gives
f¯IR,sym =
7
8
(1 + 4r + 4r2) , (5.3)
8satisfying the inequality for r ≤ 15/14.
Phase (iii), with sequential condensation in the respec-
tive S × F¯ → F (MAC) channels, gives
f¯IR,S×F¯ =
7
8
+
11r
2
, (5.4)
satisfying the inequality for r ≤ 15/8.
Finally, with condensation of the p vectorlike fermions
in the channel F ×F¯ → 1, followed by either confinement
without further chiral symmetry breaking (phase (iv)) or
further sequential condensation in the S × F¯ channels
(phase(v)), we have
f¯IR,F×F¯ ,SYM = f¯IR,F×,¯S×F¯ = r(2 + r) +
7
8
. (5.5)
Interestingly, fIR is the same for these two phases even
though the term 7/8 counts composite fermions in one
case and residual elementary fermions in the other. The
inequality is stisfied for r < (3 +
√
69)/4.
In Fig. 2 we plot f¯ for the various phases as func-
tions of r. While the two curves for phases (iv) and (v)
have collapsed to one, the qualitative picture is otherwise
similar to the finite-N case.
The common curve for phases (iv) and (v) satisfies
the inequality for the largest r range, and provides the
smallest fIR throughout this range. However, as in the
finite-N case, the condensation channel for these phases
is not the MAC, this being phase (iii) with sequential
condensation in the channel S × F¯ → F .
VI. DISCUSSION AND CONCLUSIONS
We have examined a class of SU(N) chiral gauge theo-
ries including p additional, vector-like fermions. In addi-
tion to a weak-coupling, non-Abelian Coulomb phase (i),
present for large enough p/N , we have described a set
of four possible strong-coupling phases. We have classi-
fied these phases with reference to the degree-of-freedom-
counting inequality fIR ≤ fUV .
One phase, (ii), breaks no symmetries and includes
massless composite fermions. Another, phase (iii), new to
this paper, involves sequential breaking in the maximally-
attractive (MAC) channel, breaks the gauge symme-
try entirely, and leaves a large unbroken global symme-
try. This phase, together with two others, (iv), and
(v), involves chiral symmetry breaking through bilin-
ear fermion condensation, leaving unabsorbed massless
Nambu-Goldstone bosons. Phase (iii), in which the
SU(N) gauge symmetry is broken sequentially, is the
MAC among these three. Two phases, (ii) and (iv), in-
volve the formation of massless composite fermions, and
leave the gauge symmetry unbroken. Two others, (iii)
and (v), break it completely, and leave residual massless,
elementary fermions.
Phase (iv), in which the vector-like fermions condense
among themselves and the chirally coupled fermions form
massless composite fermions, leaving the SU(N) gauge
symmetry unbroken, satisfies the inequality fIR ≤ fUV
for the largest range of p/N values, and minimizes fIR
throughout this range. But it is not the MAC for conden-
sation. (In the limit N → ∞ with r ≡ p/N held fixed,
phases (iv) and (v) give the same value for fIR.) Phase
(ii), with no symmetry breaking and massless-composite-
fermion formation, satisfies the inequality for small p/N
values, but minimizes fIR only at p = 0. These results
are all shown in Figs. 1 and 2.
This survey of four possible strong-coupling phases is
based on the conjectured inequality fIR ≤ fUV , along
with the (possibly unreliable) MAC criterion, deriving
from single-gauge-boson exchange. Phase (iii), involv-
ing MAC condensation, satisfies the inequality only for
small p/N , and when it does, it does not minimize
fIR. In the absence of strong-coupling computations
or proven, restrictive constraints in addition to ’tHooft
anomaly matching, it remains unknown which of the
strong-coupling phases is realized for various values of
p. While there is no dynamical basis that we know of for
the formation of massless composite fermions in chiral
gauge theories, as in phases (ii) and (iv), the formation
of massless Nambu-Goldstone bosons, as in phases (iii)
and (v), can be realized in various dynamical schemes.
It is also an approximate feature of real-world QCD. The
quantity fIR for phases (iii) and (v) is shown in the red
and black curves of Figs. 1 and 2.
This discussion of possibilities can perhaps provide a
helpful template for the further study of the class of chiral
gauge theories considered here, as well as other theories.
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FIG. 1: Plot of f¯ ≡ f/N2 for various types of IR behavior,
as functions of p/N , for the case N = 3. The curves (with
color in the online version) are f¯p
UV
(light blue), (ii) f¯p
IR,SY M
(green), (iii) f¯p
IR,S×F¯
(red), (iv) f¯p
IR,F×F¯ ,SYM
(dark blue), and
(v) f¯p
IR,F×F¯ ,S×F¯
(black). The curve for fIR,NAC in phase (i), not
shown, is perturbatively close to the curve for f¯p
UV
. At p/N = 1.2,
the curves, from bottom to top, are (iv), (UV), (iii), (v), and (ii).
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FIG. 2: Plot of f¯ ≡ f/N2 for various types of IR behavior, as
functions of r ≡ p/N , in the large-N limit (with color in the online
version). The curves are f¯p
UV
(light blue), (ii) f¯p
IR,SYM
(green),
(iii) f¯p
IR,S×F¯
(red), (iv and v) f¯p
IR,F×F¯ ,SYM
= f¯p
IR,F×F¯ ,S×F¯
(black). The curve for fIR,NAC in phase (i), not shown, is pertur-
batively close to the curve for f¯p
UV
. At r = 1.2, from bottom to
top, the curves are (iv and v), (iii), (UV), and (ii).
